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Some of the latest advances in the analysis of electron density are reviewed,

including: (a) topological indices that provide a useful characterization of the

global properties of the density; (b) speci®c results on some prototypical metal

and low heteropolarity systems; and (c) calculation of the local curvature of the

interatomic surface.

1. Introduction

Thoroughly grounded on fundamental quantum principles, the

atoms-in-molecules theory, AIM (Bader, 1990), provides a

useful and practical tool for the analysis and classi®cation of

molecules and crystals based on their bonding properties. We

describe in this report four different new applications of the

theory that have been recently developed within our research

group.

2. Topological indices

Compounds are routinely classi®ed into the broad categories

of ionic, covalent and metallic by using different empirical

criteria. Perhaps the best known classi®cation is the van

Arkel±Ketelaar diagram (van Arkel, 1956; Ketelaar, 1958),

based on the electronegativity difference and the electro-

negativity average of the elements. A similar scheme can be

based on bond electron-density properties (Mori-SaÂnchez et

al., 2002). The main separation is provided by two indices:

(i) a charge transfer index, c � hQ
=OS
i, de®ned as the

average for all basins of the ratio between the actual topo-

logical charge and the expected oxidation state; and

(ii) a ¯atness index, f, de®ned as the ratio between the

absolute minimum of the electron density in the crystal and

the highest electron density on a bond critical point (CP).

Most crystals made of a single element have OS
 � Q
 � 0

and are assigned c � 0 as a default. On the other hand, many

molecular crystals are revealed by the molecularity index, �,

de®ned as the relative difference between the highest and the

lowest bond CP's if their Laplacians have different sign.

The diagram in Fig. 1 shows that the charge-transfer index

provides a clear separation between ionic and covalent crys-

tals. Large electron-density ¯atness values are speci®c of

metals and metallic alloys. Large values of the � index are

found in N2, N2O3 and graphite crystals, for instance.

3. Electron density of alkali metals

From the large collection of compounds contained in Fig. 1, let

us give particular attention to the alkali metals. There has

recently been some discussion on the actual topology of these

crystals, particularly on the occurrence or not of non-nuclear

maxima (NNM) of the electron density (Sakata & Sato, 1990;

Iversen et al., 1995; de Vries et al., 1996; Iversen et al., 1997;

Jayatilaka, 1998; MartõÂn PendaÂs et al., 1999; Madsen et al.,

Figure 1
Topological classi®cation of crystals according to the charge transfer and
¯atness indices. This diagram is based on HF/LCAO calculations (Pisani
& Dovesi, 1980) at the experimental geometries.



2002). Therefore, we have tried and compared several theor-

etical methods for obtaining the electron density (LuanÄ a et al.,

2003), even though we will only examine here our best

fpLAPW/GGA results, obtained using Blaha and Schwarz's

WIEN code (Blaha et al., 1990, 1999).

With a ¯atness of nearly one, alkali metals are close to a

uniform gas model. Two signi®cant consequences of this are a

tendency to form non-nuclear maxima and a tendency towards

easy topological change. Both features are spectacularly

apparent in the case of b.c.c. lithium. According to our

fpLAPW/GGA calculations, NNM ®ll about 76% of the

crystal volume at the experimental geometry, and contain

some 0.8 e donated from each Li atom. In a sense, this topo-

logical image of lithium corresponds to an ionic crystal where

the spherical Li+ cores are the convex cations and the NNM

play the role of the anions. In a different way, this lithium

density can be presented like an almost ideal Drude metal

made of a nearly ¯at valence-electron sea anchored to a

periodic network of Li+ cores.

This topology is, however, not stable and small changes in

the crystal volume, representing the application of hydrostatic

pressure, give rise to large changes in the topology. We have

found 20 different topologies for b.c.c. Li when the lattice

parameter varies in the range 4±9 bohr. Our main results for

lithium are recalled in Fig. 2. We can see, represented against

the lattice parameter, the total energy (left scale) and the

valence-electron-density ¯atness (right scale) plus, repre-

sented on the horizontal scales, the sequence of all topologies.

Fortunately, the very many topologies found for all the

alkali metals can be organized into just ®ve different signi®-

cant types. For long distances, usually larger than the equili-

brium values, there exists a B2 topology where ®rst and second

neighbors are bonded. At smaller distances, we ®nd a B1

topology where only ®rst neighbors remain bonded. At even

smaller distances, we can ®nd up to three different topologies

showing NNM: either twin or single NNM along the metal±

metal line or interstitial NNM (Mg, ML and Mi, respectively).

Fig. 3 shows that the ®ve alkali metals follow the same

sequence of topologies upon compression: B2, B1, eventually

NNM and again B2 as the inner electronic shells start to

interact. We can see that lithium shows NNM over a wide

range of geometries, including the equilibrium distance Re at

zero pressure. Na, on the other hand, needs a small

compression before NNM can be found, and the range of their

existence is much smaller than in the case of Li. The behavior

of potassium is similar to that of sodium. Again it is necessary

to compress slightly the crystal before NNM appear, and the

NNM range is now rather short. Finally, neither rubidium nor

caesium present NNM, even if we apply a very large

compression.

The examination of the actual charge carried out by the

NNM completes the big picture. Whereas the Li atoms give

away up to 0.8 e to the lattice, the Na atoms donate 0.3 e at

most and the K atoms less than 0.1 e. It is easy to conclude that

NNM are mostly a phenomenon of light atoms. As a ®nal

aside, it is quite signi®cant that all the above results can be

explained by considering the promolecular or Hartree±Fock

(HF) electron densities of diatomic M2 or tetrahedral-like M4

clusters (LuanÄ a et al., 2003).

4. Low heteropolarity compounds

The large variability of the electron-density topology shown in

the previous ®gures is quite characteristic of simple metals and

metallic alloys. Usually, ionic and covalent crystals have a

single topology, which is mainly determined by the crystal

geometry and some atomic size ratios (LuanÄ a et al., 1997;

MartõÂn PendaÂs et al., 1998). We have found, however, that

boron phosphide presents a peculiar and rare behavior (Mori-

SaÂnchez et al., 2001). Under ambient pressure, boron behaves

as a small cation carrying a charge of about +1 e. Upon

compression, a small NNM is formed before the polarity is
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Figure 2
Summary of the fpLAPW/GGA calculations on b.c.c. lithium. The
properties represented are: total energy (solid line and black dots),
electron-density ¯atness (empty circles), range of existence of each
detailed topology and of each topological regime (see text for the
de®nition of B1, B2, Mg etc.).

Figure 3
Main topological changes shown by all b.c.c. alkali metals. From bottom
to top: Li, Na, K, Rb, Cs.



®nally reversed, boron becomes the anion rather than the

cation and, therefore, boron phosphide becomes phosphorus

boride. The plot of the electron-density Laplacian, together

with the interatomic surfaces and bond paths, see Fig. 4,

reveals that the polarity inversion occurs not because of a

severe reorganization of the crystal electron density but,

rather, because the interatomic surface is displaced from the

neighborhood of B to the neighborhood of P. The transfor-

mation, on the other hand, appears to be related in this crystal

to the emergence of a metallic phase. This very special

behavior of the BP crystal is actually related to the quite

similar electronegativities of both atoms. Similar interesting

phenomena can be expected from other low-heteropolarity

compounds.

5. Curvature of the interatomic surfaces

Topological analysis is based on the capability to determine

®rst and second derivatives of the electron density at any

point. By being able to determine also the third derivatives, we

can access the curvatures of gradient lines and interatomic

surfaces (IAS). The curvature of a given IAS near the bond

critical point is one of its most easily noticeable geometrical

features. However, the lack of local descriptions for separation

surfaces in dynamical systems has made dif®cult any investi-

gation about its origin. The analytical expressions that we have

published recently (MartÂin PendaÂs & LuanÄ a, 2003a,b) change

this scenario, for now it becomes possible to examine the

curvatures at bond critical points (BCP), for instance, in terms

of local derivatives of �.

Let us brie¯y recall the main concepts involved. All the

expressions that follow are referred to the principal reference

frame at the critical point (MartõÂn PendaÂs & LuanÄ a, 2003a).

This is the frame formed by the eigenvectors of the Hessian of

� at the BCP, in such a way that the z axis corresponds to the

bond-path direction (eigenvector of the positive Hessian

eigenvalue at the BCP), and the x; y axes along the orthogonal

eigenvectors chosen so as to form a right-handed frame. Let us

de®ne the coef®cients

A��
 �
���


��� � ��� ÿ �


; �1�

where ��, ��� and ���
 are ®rst, second and third derivatives of

the density at the BCP calculated in the principal frame. It

follows, then, that the principal normal vectors of the gradient

lines along the x; y; z directions at the critical point are

��n�x � Axxyj� Axxzk;

��n�y � Ayyxi� Ayyzk; �2�
��n�z � Azzxi� Azzyj;

where � is the curvature of the speci®ed gradient line and n its

unit principal normal vector. Moreover, the Gaussian curva-

ture at the BCP is
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Table 1
Topological properties at the OÐH BCP in H2O; all values are in atomic units, except ROH in AÊ and � = �HOH in �.

Calculation ROH � �b r2�b K �b

HF/3-21G 0.9667 107.7 0.33071 ÿ1.4439 0.45854 0.0102
HF/6-31G 0.9496 111.5 0.35359 ÿ1.7247 0.97793 0.0286
HF/6-31G(d,p) 0.9431 106.0 0.39106 ÿ2.4431 1.67982 0.0442
HF/6-311G(3df,p) 0.9408 105.6 0.39002 ÿ2.9225 1.46507 0.0528
B3LYP/6-311G(3df,p) 0.9618 104.0 0.36745 ÿ2.5299 0.80936 0.0503
MP2/6-311G(3df,p) 0.9505 103.5 0.36316 ÿ2.5461 1.03112 0.0565
CISD/6-311G(3df,p) 0.9408 105.6 0.37238 ÿ2.6314 1.03120 0.0545

Figure 4
[110] plane of the BP crystal, containing three B and two P nuclei. The
plots correspond to lattice parameters of 4.55 (top), 3.93 (middle) and
3.75 AÊ (bottom). Thick solid lines show the bond paths and the atom
basin boundaries. The contour lines depict the electron-density Laplacian
[r2�(r)]. One of the NNM basins is shown as a darkened area in the
middle map.



K � AxxzAyyz ÿ A2
xyz: �3�

Table 1 shows the convergence of OÐH BCP properties in

H2O, calculated with several basis sets and several theoretical

methods. The convergence of the Gaussian curvature of the

O)H IAS, K, is more dif®cult than that of the bond density, �b,

but similar to the convergence of the bond Laplacian, r2�b.

Adding ¯exibility to the basis set, particularly including

polarization functions, increases the curvature signi®cantly.

On the contrary, the correlation effects tend to lower the

curvature and smooth out the IAS. The OÐH bond-path

curvature, �b, is rather small, as it corresponds to an unstressed

bonding line.

Table 2 collects the topological properties at the AÐH BCP

for the hydrogen-saturated molecules of the second period.

Firstly, we observe that the compounds usually called hydrides,

LiH, BeH2 and BH3, display IAS curving towards the non-H

atom, A(H, with topological charges consistent with their

nominal oxidation states. On the contrary, H acts as a cation

for NH3, H2O and HF and the IAS curves accordingly towards

the H cation: A)H. CH3 is an interesting system as it marks the

sign change for the curvatures in the series and it provides an

example where the charge-transfer curvature correlation,

sometimes assumed, is violated.

Bond distance and charge transfer can be shown to in¯u-

ence the IAS Gaussian curvature. In going from CH3 to HF,

the shortening in the bond distance and the increasing charge

transfer contribute together to increase K, up to the point that

the Gaussian curvature of HF is the highest that we have

found in our explorations so far.
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Table 2
Topological properties at the A±H BCP in the hydrogen saturated
molecules of the ®rst period according to HF/TZV++(3df,2p) calculations
at the theoretical equilibrium distance R; all values in atomic units.

System R Shape K r2�b �b QH

LiH 3.0303 A(H 0.1005 �0.1420 0.0390 ÿ0.9040
BeH2 2.5152 A(H 0.2427 �0.2225 0.0971 ÿ0.8511
BH3 2.2434 A(H 0.1780 ÿ0.3180 0.1862 ÿ0.6960
CH3 2.0446 A)H 0.1019 ÿ1.0436 0.2837 ÿ0.0354
NH3 1.8868 A)H 0.3510 ÿ1.9089 0.3552 �0.3550
OH2 1.7766 A)H 1.5433 ÿ3.0992 0.3883 �0.6322
FH 1.6956 A)H 3.5514 ÿ3.8718 0.3945 �0.7765


